We show that for some classes of groups G, the homotopy fiber EcomG of the inclusion of the classifying space for commutativity BcomG into the classifying space BG, is contractible if and only if G is abelian. We show this for compact connected Lie groups, for discrete groups, and for the orthogonal groups. To prove those results, we define an interesting map EcomG → B[G, G] and show it is not null-homotopic in those cases.
Theorem 2. Let G be a compact connected Lie group. Then G is abelian if and only if E com G is contractible.
The main tool to show this is a new map c : E com G → B[G, G], that we define using an alternative simplicial model for E com G. We say that an ordered (n + 1)-tuple (g 0 , ..., g n ) is affinely commutative if the quotients g −1 i g i+1 pairwise commute. The spaces of affinely commutative (n + 1)-tuples sit inside the space of n-simplices of the nerve of the indiscrete category associated to G, defining a subsimplicial space AfCom • (G), which is naturally isomorphic to the simplicial model of E com G originally defined in [1] . The commutators in G induce a well defined simplicial map c • : AfCom • G → N [G, G], where the latter is the nerve of the commutator group of G. The realization of this map c : E com G → B[G, G] has proved to be interesting and useful, as shown in our next result, which answers the question posed before, for discrete groups. Theorem 1. Let G be a discrete group. Then c * : π 1 (E com G) → [G, G] is a surjective homomorphism. In particular, G is abelian if and only if π 1 (E com G) = 1.
The first section of this paper gives a simplicial complex AfCom(G) that models the homotopy type of E com G for discrete groups G. This complex is more computational friendly, in the sense that using computer calculations we can conclude, for example, that E com S 5 is not an Eilenberg-MacLane space.
In the last subsection, we study the map c for the orthogonal groups O(n), showing that for n ≥ 3, the homotopy fiber of c is 2-connected. The case n = 2 is quite interesting. It was shown in [4] , that E com O(2) ≃ Σ(S 1 × S 1 ), so that the adjoint of the map c : E com O(2) → BSO(2) up to homotopy is a map S 1 × S 1 → S 1 .
Theorem 3. The adjoint of the map c : E com O(2) → BSO(2) is homotopic to the product in S 1 or its inverse.
2 Two models for E com G We will present first our simplicial complex model for E com G when G is a discrete group, and then the simplicial model which works for arbitrary topological groups. Let us briefly recall the definitions.
Given a topological group G, the classifying space for commutativity in G, B com G, is defined in [1] to be the geometric realization of a certain subsimplicial space of N G (here N G is the usual nerve of G thought of as a one-object topological category). Namely, B com G is the geometric realization of the subsimplicial space (B com G) • of N G whose n-simplices are given by
so that (B com G) n ∼ = Hom(Z n , G). By its very definition (B com G) • comes with a degree-wise inclusion into N G and the geometric realization of this inclusion is called the canonical map B com G → BG. One can define (the homotopy type of) E com G as the homotopy fiber of this canonical map, and that's all that we will need for the simplicial complex model. In the section where we give our simplicial space model, we will use a more specific definition of (the homeomorphism type of) E com G as the realization of a certain simplicial space, which is isomorphic to our model.
As a simplicial complex
In this section, let G be a discrete group and Ab(G) be the poset of abelian subgroups of G. From the definition of B com G as the geometric realization of the simplicial set given in (1), we see that B com G = A∈Ab(G) BA, thinking of all of the BA as subspaces of BG. Since the collection {BA : A ∈ Ab(G)} is closed under intersections, this union is also the colimit indexed by the poset Ab(G), namely B com G ∼ = colim A∈Ab(G) BA. The canonical map B com G → BG is clearly the map out of the colimit induced by the inclusions BA → BG.
Our first step is to show that this colimit is actually a homotopy colimit:
BA.
Using for instance, the theory of Reedy model categories, this reduces to checking that the map colim A ′ ⊂A∈Ab(G) BA ′ → BA is a cofibration, which again happens because our collection of spaces is closed under intersections, so that colim A ′ ⊂A∈Ab(G) BA ∼ = A ′ ⊂A∈Ab(G) BA. Now we compute E com G as the homotopy fiber of the canonical map hocolim A∈Ab(G) BA → BG. Taking homotopy pullbacks of the entire diagram along the base-point inclusion * → BG produces a new diagram whose homotopy colimit is E com G -this maneuver is expressed by the slogan "homotopy colimits are universal". Since the homotopy fiber of the inclusion BA → BG is the discrete space G/A, we get that
Next we need a description of the homotopy colimit of the functor G/(−) : Ab(G) → Set. Thomason's Theorem ( [12] ) says that hocolim G/(−) is the nerve of the Grothendieck construction or category of elements of G/(−). It is straightforward from the definitions that the category of elements of G/(−) is actually just the poset AbCo(G) := {gA : A ∈ Ab(G) and g ∈ G} of cosets of abelian subgroups of G ordered by inclusion. The conclusion of this discussion is the following proposition.
This is already progress towards making E com G smaller and more manageable. For example, when G is finite, the poset AbCo(G) is finite, and |N (AbCo(G))| is a finite simplicial complex. But we can find an even smaller model, for which we will use the next definition. Definition 1. Let G be a group. We say that a finite subset S = {s 0 , ..., s n } of G is affinely commutative if any of the following equivalent conditions hold:
. . , s n } is contained in a single coset of some abelian subgroup of G.
Remark 1.
A little more generally, given elements s 0 , s 1 , . . . , s n ∈ G we can ask how many of the quotients s −1 i s j need to pairwise commute in order to get that all of them pairwise commute? If Γ is a connected graph with vertex set V (Γ) = {0, 1, . . . , n} and we ask for the quotients corresponding to edges of Γ, namely for {s −1 i s j : {i, j} ∈ E(Γ)}, to commute pairwise, then all of the quotients pairwise commute. The first and second conditions in the definition are the cases where Γ is the path 0 → 1 → · · · → n and where Γ is the star with center 0, respectively.
We will use the Nerve Theorem to give a simpler description of |N (AbCo(G))|. For every g ∈ G, let X g = {gA : A ∈ Ab(G)}; these sub-posets form a cover of AbCo(G), so that the geometric realization of the nerves, {|N (X g )| : g ∈ G} is a cover by subcomplexes of |N (AbCo(G))|. Lemma 1. Let S ⊂ G be a finite subset and X S = s∈G X s . Then 1. X S is empty if S is not affinely commutative;
Proof. Suppose X S = ∅. We must have s 0 A 0 = s 1 A 1 = · · · = s n A n where {s 0 , ..., s n } = S and A i ∈ Ab(G). Then s −1 0 s i ∈ A 0 for all i, which is equivalent to the property of affine commutativity of S. To prove part 2, notice that if s −1 0 S ⊂ A then s 0 A = s 1 A = · · · = s n A. The argument that proves part 1 shows as well that s −1 0 S ⊂ A 0 . Since the abelian group s −1 0 S is a minimum object in X S , we see that N (X S ) is contractible.
For a group G, AfCom(G) denotes the simplicial complex whose vertices are the elements of G and whose simplices are the affinely commutative subsets of G.
Proof. The Nerve Theorem and Lemma 1 imply that N (AbCo(G)) is homotopy equivalent to the simplicial complex whose vertices are the X g and where {X g0 , . . . , X gn } is an n-simplex if and only if X g0 ∩ · · · ∩ X gn = ∅, that is, if and only if {g 0 , ..., g n } is affinely commutative.
We can use the following standard presentation for the fundamental group of a simplicial complex to obtain a presentation of the fundamental group of E com G. Lemma 2. Let K be a connected simplicial complex. Then the fundamental group of K has the following presentation where the generators correspond to edges of K and the relations to triangles in K:
Corollary 1. For a discrete group G, π 1 (E com G) has the following presentation with generators for all pairs of group elements and relations coming from affinely commuting triples:
To prove one of our main results we need the following technical and possibly surprising lemma.
Proof. We claim that x g,h → [g, h] is a well defined homomorphism. Lemma 3 says that the commutator preserves the relation x g,h x h,k = x g,k for an affine commutative triple g, h, k. The remaining relations are obviously preserved by the commutator. The image of this homomorphism includes all commutators, and thus it is surjective.
Remark 2.
A distinct advantage of the simplicial complex AfCom(G) is its amenability to computer calculations, at least when G is a finite group. For example, one might ask when E com G is an Eilenberg-MacLane space for a finite group G, as the authors of [1] asked about B com G. The first examples of non-Eilenberg-MacLane B com G were found by Okay [8, Section 8] , who showed that for either of the extraspecial groups of order 32, one has π 1 (B com G) ∼ = G × Z/2 and π 2 (B com G) ∼ = Z 151 (!). In the course of working out that example, Okay shows that for those groups, E com G isn't an Eilenberg-MacLane space either with π 1 and π 2 given by Z/2 and Z 151 -and in fact he shows that there is a homotopy fiber sequence
By using either the presentation of π 1 (E com G) in Corollary 1 or even the definition of AfCom(G) directly, we can easily find groups for which E com G is not an Eilenberg-MacLane space. Indeed, if for a finite group G we see that π 1 (E com G) has torsion, then E com G cannot be a K(π, 1), since the torsion element would force it to have non-zero cohomology in arbitrarily high degrees but AfCom(G) is a finite simplicial complex. Using SageMath [11] , which has excellent support for finite simplical complexes, one can define AfCom as follows: And then evaluating AfCom(G).fundamental_group() produces a presentation of π 1 (AfCom(G)). One can also compute H d (E com G; Z) by evaluating AfCom(G).homology(dim=d).
For example, inspecting the results of AfCom(SymmetricGroup (5)).fundamental_group() shows that π 1 (E com S 5 ) contains elements of order two, and thus E com S 5 is not an Eilenberg-MacLane space. This way, we also corroborated that E com G is not a K(π, 1) when G is either of the extraspecial groups of order 32. Both the fundamental group and homology computations seem to be very memory intensive so this doesn't work in practice except for fairly small groups.
The simplicial model
Let G be a topological group. First we recall the simplicial model for E com G given in [1] . For every n, (E com G) n = G × Hom(Z n , G) ⊂ G n+1 ; the face maps are given by d i (g 0 , ..., g n ) = (g 0 , .., g i g i+1 , ..., g n ) i < n (g 0 , ..., g n−1 ) i = n and for every 0 ≤ i ≤ n the degeneracy maps are s i (g 0 , ..., g n ) = (g 0 , ..., g i , e, g i+1 , ..., g n ). Notice that this makes (E com G) • a simplicial subspace of the simplicial model for EG arising from the bar construction.
For every n ≥ 0, consider the subspaces
These spaces assemble into a simplicial space, AfCom • (G), where the face maps are given by d i (g 0 , ..., g n ) = (g 0 , ..., g i , ..., g n ) and the degeneracy by s i (g 0 , ..., g n ) = (g 0 , ..., g i , g i , ..., g n ).
Proposition 3. Let G be a topological group. Then the simplicial spaces (E com G) • and AfCom • are isomorphic, in particular,
Proof. Let G denote the indiscrete category associated to G, that is, the space of objects is G and the space of morphisms is G × G. Consider the nerve N G. Since there is a unique morphism between every pair of objects in G, an n-simplex in N G can be given simply by listing n + 1 objects, (g 0 , . . . , g n ). There is a simplicial isomorphism ϕ : N G → (EG) • given at each level n by (g 0 , ..., g n ) → (g 0 , g −1 0 g 1 , ..., g −1 n−1 g n ) By definition of affinely commutative, ϕ(AfCom n (G)) = G × Hom(Z n , G), and thus AfCom • (G) is a simplicial model for E com G.
We now present an alternative proof of Proposition 3 for a discrete group G. First, let K be a simplicial complex, and let us define the simplicial set, Sing(K) where for any n ≥ 0, Sing(K) n := {(x 0 , ..., x n ) ∈ V (K) n+1 : {x 0 , ..., x n } ∈ K} and i-th face and degeneracy maps are deleting and repeating the i-th coordinate, respectively, as usual. The notation is chosen by analogy with the singular simplicial set of a topological space. For a space X, the set of n-simplices, Sing(X) n , is the set of continuous maps |∆ n | → X from the topological n-simplex to X. Analogously, for a simplicial complex K, Sing(K) n can be described as the set of simplicial maps from the simplicial complex ∆ n cx to K. Proposition 4. Let K be a simplicial complex. Then |Sing(K)| ≃ |K|.
Remark 3. This homotopy equivalence is far from being a homeomorphism. For example, for any n > 0, |Sing(∆ n cx )| is homeomorphic the infinite-dimensional sphere S ∞ . Proposition 4 seems to be well-known: at least both authors knew it and several algebraic topologists we asked knew it as well. However we were unable to locate a reference and thus decided to include a couple of proofs. But first, let's point out how to get Proposition 3 from it.
Alternative proof of Proposition 3.
The key observation is that AfCom • (G) = Sing(AfCom(G)). Then, by the above result we have that |AfCom • (G)| ≃ |AfCom(G)|, and the result follows from Proposition 2.
In order to prove Proposition 4, let's introduce another standard way of making a simplicial set from a simplicial complex. Pick an arbitrary total order on the vertices of K (or even just a partial order whose restriction to each face of K is total), say ≤. Then we can define Sing ≤ (K) to be the simplicial subset of Sing(K) given by
It is well-known and easy to see that the geometric realization of Sing ≤ (K) is homeomorphic to the geometric realization of K, so to prove Proposition 4 it suffices to prove that we have a homotopy equivalence Sing ≤ (K) ≃ Sing(K). (For readers disgusted with the choice of order involved in Sing ≤ and its concomitant non-functoriality, we recommend taking the nerve of the poset of faces of K, whose geometric realization is also homeomorphic to |K|.)
We feel the basic intuition behind Proposition 4 is the following easily-verified relationship between Sing ≤ (K) and Sing(K): to obtain Sing(K) from Sing ≤ (K) we replace each n-simplex with Sing(∆ n cx ), or more precisely,
Sing(∆ n cx ).
If we knew both colimits are in fact homotopy colimits, then Proposition 4 would follow, since both ∆ n and Sing(∆ n cx ) are contractible. For the first colimit this is a standard fact, and what our proofs do, morally, is to verify this for the second colimit.
Notice that the simplicial sets E[n] := Sing(∆ n cx ) depend functorialy on [n] ∈ ∆ and thus give a cosimplicial simplicial set E : ∆ → sSets. We can also describe E[n] as the nerve of the indiscrete category with n + 1 objects (which already shows it is contractible), or as the 0-coskeleton of the discrete simplicial sets with n + 1 vertices.
Proof of Proposition 4 using Reedy model structures. Let ∆ : ∆ → sSets be the canonical cosimplicial simplicial set (the Yoneda embedding). In terms of the functor tensor product, ⊗ ∆ : Fun(∆, sSets) × Fun(∆ op , sSets) → sSets, we can write the above colimits as Sing(K) ∼ = E ⊗ ∆ Sing ≤ (K) and, of course, Sing ≤ (K) ∼ = ∆ ⊗ ∆ Sing ≤ (K), where we regard a simplicial set X as a functor ∆ op → sSets, by regarding the set X n of n-simplices as a discrete or constant simplicial set. By [7, Proposition A.2.9.26], the functor tensor product is a left Quillen bifunctor when we equip sSets with the Quillen model structure and both functor categories with the corresponding Reedy model structure. Recall that all bisimplicial sets are Reedy cofibrant. Now, both ∆ n and E[n] are contractible simplicial sets, so the inclusion ∆ → E is an object-wise weak equivalence. Thus, we need only check that both ∆ and E are Reedy cofibrant to conclude from Ken Brown's lemma and the cited proposition that the functor tensor product will send the inclusion to a weak equivalence, as desired.
For ∆ this is well known: the latching map L n ∆ → ∆ n is readily seen to be the inclusion ∂∆ n → ∆ n , a monomorphism and thus a cofibration in sSet. The case of E is very similar. Indeed, the latching object is given by L n (E) = colim [k]֒→[n] E[k], which one can check consists of all simplices of E[n] that do not involve all n + 1 vertices, and the canonical map L n (E) → E is then a monomorphism.
Andrea Gagna remarked on MathOverflow that Sing(K) seems intrinsically linked to symmetric simplicial sets and mentioned [6, §8.3] . From the results there one can easily obtain another proof.
Proof of Proposition 4 using symmetric simplicial sets. Let Υ be the category of finite non-empty sets and all functions between them. The category of symmetric simplicial sets is defined to be ΣSet := Fun(Υ op , Set). There is an obvious functor v : ∆ → Υ, including monotone functions into all functions. That functor (thought of as a functor ∆ op → Υ op ) induces adjunctions v ! ⊣ v * ⊣ v * , where v * : ΣSet → sSet is precomposition with v and v ! and v * are left and right Kan extension along v.
In [6, §8.3] , Cisinski proves there is a model structure on ΣSet for which (v ! , v * ) is a Quillen equivalence in which v * creates the weak equivalences (that is, a map f of symmetric simplicial sets is a weak equivalence if and only if v * (f ) if a weak equivalence of simplicial sets). When a right Quillen functor creates weak equivalences, it is a right Quillen equivalence if and only if the components of the (underived) unit of the adjunction at cofibrant objects are weak equivalences.
So, in this case we conclude that for any simplicial set X, the unit X → v * v ! X is a weak equivalence. This turns out to be the same weak equivalence as in the first proof, since v * v ! X ∼ = E ⊗ ∆ X as we shall see. In particular, v * v ! Sing ≤ (K) = Sing(K), so the unit Sing ≤ (K) → Sing(K) is a weak equivalence as desired.
It only remains to check that v * v ! Sing ≤ (K) ∼ = Sing(K), or more generally that for any simplicial set X we have v * v ! X ∼ = E ⊗ ∆ X. This is not hard to do directly for Sing ≤ (K). A slicker way is to notice that E[n] ∼ = v * (Υ n ) where Υ n is the representable symmetric simplicial set corresponding to [n] . Thus E[n] ∼ = v * v ! ∆ n and since both v * and v ! are left adjoints we have
We now introduce our main tool for proving E com G is not contractible for certain non-abelian groups: a map c : E com G → B[G, G] which we will endeavor to show is not null-homotopic in several cases.
Recall the simplicial model of the classifying space BG given by the nerve N G, where G is thought of as a one-object category. The face maps d i : G n → G n−1 are given by multiplying two adjacent coordinates, except for d 0 and d n which are projection onto the first and last coordinate, respectively. The degeneracy maps s i : G n → G n+1 are given by inserting the identity element in the i-th coordinate.
Lemma 4. Let G be a topological group, and let [G, G] be its commutator subgroup. Then for every n > 0, the maps AfCom n (G) → [G, G] n given by (g 0 , ..., g n ) → ([g 0 , g 1 ], ..., [g n−1 , g n ]) assemble to a simplicial map c • : AfCom • (G) → N [G, G], which produces upon geometric realization a map c :
Proof. We need to verify that the above maps commute with degeneracy and face maps. For the degeneracy maps and the cases i = 0, 1 of the face maps, this is immediate; the remaining cases follow from Lemma 3.
The map c for compact connected Lie groups
The simplicial models for E com G and EG have the same 1-skeleton, so that the first term of the skeletal filtration of their realizations are the same, F 1 E com G = F 1 EG. Now, recall that F 1 EG = G * G ≃ Σ(G ∧ G), and that F 1 BG = ΣG. Let c : G × G → [G, G] denote the commutator map and c : G ∧ G → [G, G] its reduction to the smash product. Then we have a commutative diagram
The following classical result is the key ingredient to prove one of our main results. 
is null-homotopic as well. Then the adjoint map
is also null, and thereforec is null. Since the commutator c : G × G → G factors throughc, it is null as well. The result now follows from Proposition 5.
A similar result was proven by Adem and Gómez [2, Corollary 7.5] for a reduced version of E com G: In the first model for E com G that we described, one can consider at each level the connected component of the trivial representation in Hom(Z n , G) and denote it by Hom(Z n , G) 1 . Then E com G 1 = |G × Hom(Z • , G) 1 |. Now we can expand on their result. Theorem 2. Let G be a compact connected Lie group. The following are equivalent:
1. E com G is contractible;
2. E com G 1 is contractible;
3. E com G 1 is rationally acyclic; 4. G is abelian. 
The case G = O(n)
We first study the case of the simplest non-abelian disconnected Lie group G = O(2). This is a natural destination after dealing with the cases of discrete groups and of compact connected groups: since O(2) has the feature that both π 0 (O(2)) ∼ = Z/2 and the connected component of the identity, O(2) 0 = SO(2), are abelian, we think of O(2) as a small example of a compact Lie group G whose non-abelianness comes from the interaction of π 0 (G) with G 0 and not from either group on its own. We have [O(2), O(2)] = SO(2), and thus a map c : E com O(2) → BSO (2) . It was shown in [4] that E com O(2) ≃ Σ(S 1 × S 1 ), and thus the adjoint of c up to homotopy is a map S 1 × S 1 → ΩBSO(2) ≃ S 1 . (2)), where the last two correspond to the 2-cells of Σ(ASO(2) × ASO (2)). Then π 2 (Σ(O(2) ∧ O(2))) = Z 4 . We want to understand the effect of the map Σc on π 2 . To do this, let R θ ∈ SO(2) denote rotation by θ, so that the elements in ASO(2) can be written as AR θ . One can readily check the following identities:
